In these lecture notes presented at the 2015 Villa de Leyva Summer School, we give an introduction to superstring theory. We begin by studying the particle and superparticle in order to get a better understanding on the superstring side. Afterwards, we review the pure spinor formalism and end by computing the scattering amplitude for three gravitons at treelevel.
Introduction
For more than a decade a manifestly super-Poincaré covariant formulation for the superstring, known as the pure spinor formalism [1, 2] , has shown to be a powerful framework in two branches. The first one is the computation of scattering amplitudes and the second one is the quantization of the superstring in curved backgrounds which can include Ramond-Ramond flux. The strength of the pure spinor formalism resides precisely in the fact that it can be quantized in a manifestly superPoincare manner, so this covariance is not lost neither in the scattering amplitudes computation nor in the quantization of the superstring in curved backgrounds.
One key ingredient in this formalism is a bosonic ghost λ α , constrained to satisfy Cartans pure spinor condition in 10 space-time dimensions [3] . The prescription for computing multiloop amplitudes was given in [4] , where as in the RNS formalism, it was necessary to introduce picture changing operators (PCO's) in order to absorb the zero-modes of the pure spinor variables. Up to two-loops, various amplitudes were computed in [5] . Later on, by introducing a set of non-minimal variablesλ α and r α , an equivalent prescription for computing scattering amplitudes was formulated in [6] and [7] . This last superstring description is known as the "non-minimal" pure spinor formalism, in order to distinguish it from the former minimal pure spinor formalism. With the non-minimal formalism, also were computed scattering amplitudes up to three-loops [8, 9] . Because of its topological nature, in the non-minimal version it is not necessary to introduce PCO's. Nevertheless, it is necessary to use a regulator. The drawback of having to introduce this regulator appears beyond three-loops, since it gets more complicated due to the divergences coming from the poles contribution of the b-ghost [10] .
In this short note we give an introduction to superstring theory in the pure spinor formalism. We are going to start with very general comments about the superparticle in ten dimensions.
Particle and Superparticle
We begin this note with a brief introduction to the relativistic point particle and superparticle, please review the references [11, 13, 14, 18, 19] . A relativistic particle is described by a point in a flat space-time 3 (1, D − 1), whose evolution over time is described by a curve (worldline). The simplest Poincare and τ -reparameterization invariant action is proportional to the worldline length
where M is the mass of the particle. The "−" sign is introduced in order to guarantee that the S functional is going to have a local minimum, i.e. a stable classical trajectory. Let us recall that the space-time induces a metric on the world-line, thus the ds line element is just given by the squared root of the induced metric ds = −η µνẊ µẊ ν dτ.
(2.2)
Since the worldline is a causal trajectory (see Fig.2 ), i.e. the velocity vector (tangent vector) is a timelike vector η µνẊ µẊ ν < 0, (2.3) then one must introduce the "−" sign into the square root so as to obtain a positive number. Nevertheless, although the action in (2.1) seems simple, it is too hard to quantize because we do not know how to perform a path integral with a square root. In addition, this action only describes massive particles, so, to compute scattering of photons, gluons or gravitons we need to modify it. In order to solve these problems, the following first order action can be proposed
This action is classically equivalent to (2.1), i.e. using the P µ and e equations of motion. Furthermore, it supports massless particles and its quantization is easier than (2.1).
Note that (2.4) is invariant, up to total derivative, by the local (gauge) transformation 5) where ξ = ξ(τ ) is a local parameter. Using this gauge symmetry one can fix the Lagrange multiplier, "e", and perform a BRST quantization. Nevertheless, from (2.5) it is clear that the e field is a 1-form on the worldline, i.e. e ∈ H 1 dR (C), where C is the worldline and H 1 dR (C) is the first de-Rham cohomology group over C [16] . Therefore, the choice of the gauge fixing depends of the worldline topology. Since here we are not focused on this issue, for more details see [16] .
Brink-Schwarz Superparticle
As the main topic of this note is to give an introduction to Superstring theory, we will center in a space-time of ten dimensions. So, we begin with a superparticle in ten dimensions. The main references for this section are [13, 18, 19] .
Brink-Schwarz Superparticle.
The Brink-Schwarz (BS) action for the ten-dimensional (massless) superparticle is given by
where P µ is the canonical momentum of X µ , e is the Lagrange multiplier to impose the massless condition, P 2 = 0, and θ α is a Grassmann or fermionic coordinate
Gamma matrices, γ µ αβ and γ αβ µ , are 16 × 16 symmetric matrices which satisfy the Clifford algebra,
In the Weyl representation, (γ µ ) αβ and (γ µ ) αβ are the offdiagonal blocks of the 32 × 32 Dirac Γ µ matrices, i.e.
Besides being invariant by reparameterization 
where α is a constant Grassmann parameter. Using Noether's theorem, this global symmetry is generated by the charge
where
is the canonical momentum of θ α , namely
The charge q α is known as the supercharge and the transformations in (2.9) are the supersymmetry transformations.
The BS action is also invariant under the local transformation
where κ α = κ α (τ ) is a local Grassmann parameter. This local symmetry is known as the Kappa symmetry. This symmetry is going to be used to perform the light-cone gauge.
From the canonical momentum p α obtained in (2.11), we obtain a constraint system given by the conditions
14)
The algebra of these constraints is given by
Because, P 2 = 0, then one has 8 first-class constraints and eight second-class constraints. To see this we choose a frame where, P µ = (E, 0, . . . , E), and later we define the light-cone coordinates and γ−matrices as
Since P − = 0 and P j = 0 for j = 1 to 8 in this frame, the algebra in (2.15) becomes
Gauge Fixing.
Let us recall that to quantize a theory with second-class constraints the Poisson bracket must be replaced by the Dirac bracket, which is defined as 18) where φ i 's are the second-class constraints and C −1 ij is the inverse matrix of the second-class constraints algebra,
For the BS superparticle it is not possible to separate, in a Lorentz covariant way, the first and second-class constraints, in order to obtain the C ij matrix. However, as it was shown in (2.17), there is a frame where the first and second-class constraints are disjoint, which is known as the light-cone gauge.
To be more precise, the light-cone gauge consists in choosing a θ α field such that (γ
which is possible by the Kappa symmetry. Since P − = 0 and P i = 0, i = 1, ..., 8, on the frame
Using the κ transformation given in (2.13), it is straightforward to check
where we have used, {γ + , γ − } = −1. So, it is clear that (γ + θ ) α = 0. In this gauge, the BS action
where we have utilizedθγ + θ =θγ i θ = 0 and defined S a = 2
It is useful to remember that a Weyl spinor in a 10-dimensional space-time can be decomposed in a Weyl and anti-Weyl spinor in an eight-dimensional space-time, namely
In addition, there is a representation where the γ − αβ matrix looks 
2Ṡ a S a . The BS action in the light-cone gauge is more friendly than the original one, but we have lost the Lorentz covariance since the action has eight-dimensional space-time spinor fields.
Quantization.
From the BS action in (2.20) , the canonical momentum of S a , i.e. {p a , S b } PB = −δ ab , is given by S a = 0. The algebra of these constraints is straightforward to compute
which implies that these constraints are of second-class. Thus, using Dirac's method (see (2.18)) we get the anti-commutator
which is the Clifford algebra. A representation of this algebra gives us the quantum states of the theory.
In order to build a representation of (2.25), it is convenient to keep to mind the SO(8) Pauli matrices 7 , which satisfy properties, we can represent the algebra in (2.25) using the definitions
Clearly, {S a , S b }|ȧ = δ ab |ȧ and {S a , S b }|i = δ ab |i , therefore the physical spectrum is a SO (8) vector, given by |i , and a SO (8) 
Pure Spinor Superparticle
This section is based on the references [13, 14] .
As it was shown above, the BS action is read as
in the light-cone gauge. Nevertheless, we can think that this action comes from a bigger theory, different from the one given in (2.6), such that after fixing the symmetries one obtains (2.29).
Let us consider the following action
where (θ a , p a ) are independent fermionic fields 9 , f α is a fermionic Lagrange multiplier andd α are the fermionic constraints
The θ α field is not related with S a as in (2.20). 10 It is useful to recall the notation
.
From the algebra {S a , S b } = iδ ab and {d α , d β } = −iP µ γ µ αβ , it is not hard to check
where the identities, (γ
, have been used. Clearly, thed α 's are first-class constraints, which generate a gauge symmetry. Using this gauge symmetry one can fix, θ α = 0, and so (2.30) becomes the BS action. But, the idea is to use the BRST method to quantize this new action (for details of the BRST quantization in superstring theory one can review the references [11] ).
From the BRST method, we know that for each gauge symmetry there are ghost and anti-ghost fields with inverse statistics. For example, using the reparametrization gauge symmetry we can fix e = 1/2, so
So, using the gauge symmetry generated by the first-class constraints,d α ≈ 0, we can fix
and the action in (2.30) becomes
After fixing the local symmetries and introducing the ghost fields, the gauge symmetries turn into global symmetries, thus using the Noether's procedure one can obtain the conserved charge. That charge is known as the BRST charge, which is denoted by Q, and in general it can be written as the ghost field times its corresponding constraint (it is a fermionic charge). In addition, that charge must be nilpotent, i.e. {Q, Q} = Q 2 = 0. Therefore, following those ideas one may suspect that the charge should have the formQ =λ
. In order to realize a nilpotent BRST charge we must add the termQ =λ
which, in fact, arises naturally from the Noether's method.
Pure Spinor Condition
Since the BRST charge is nilpotent, Q 2 = 0, then one can wonder about its cohomology [16] ,
i.e. the coset space defined as
Clearly, Im Q ⊂ KerQ.
In the BRST language, the physical states are defined as the states which are in the BRST cohomology, i.e
So, to compute the physical states of the action in (2.36), we must find theQ cohomology of the operator in (2.38). But, in addition to being a complicated operator, it is not Lorentz covariant. In [13] , it was shown that theQ−cohomology is actually equivalent to the Cohomology of the simple operator
which is independent of {S a , c}. Thus, the action in (2.36) can be modified to the new and simpler action
As d α is not a really first class constraint, {d a , d b } = −iP µ γ µ αβ , the BRST charge in (2.42) is nilpotent if and only if the λ α field satisfies the condition
This condition is known as the pure spinor condition for spinors in ten dimensions. This condition implies that λ α is a complex spinor. For example, let us consider µ = 0, i.e.
(λγ
thus, in order to obtain a non trivial solutions λ α must be a complex spinor 11 .
11 We have used a representation of the Dirac matrices where
In addition, the pure spinor action given in (2.43) is invariant under the global transformation
By Noether's procedure the conserved charge is
which is know as the ghost number. Clearly λ α and Q have ghost number 1 and ω α has ghost number −1.
Quantization
In order to find the Q−cohomology, it is useful to write the d α constraint as an operator. From the canonical momentum representation, p α → ∂ ∂θ α and P µ → ∂ ∂X µ , we map the d α constraint to the operator
The D α operator is known as the super-covariant derivative, and its algebra is just given by
∂X µ . Now, we write the most general super-Poincaré covariant wavefunction that can be constructed
where we have expanded around the bosonic variable, λ α . The terms in · · · include superfields with more than three powers of λ α (ghost-number greater than three), which are in the trivial cohomology.
But since λ α λ β are pure spinors (see appendix A), then they are proportional to (λγ
, this implies that Dγ So, A α (X, θ) contains the on-shell super-Yang-Mills gluon and gluino, a µ (X) and χ α (X), which satisfy the linearized equations of motion and gauge invariances
Since gauge invariances of antifields correspond to equations of motion of fields, one expects to have antifields a * µ (x) and χ * α (x) in the cohomology of Q which satisfy the linearized equations of motion and gauge invariances
where s µ and κ β are gauge parameters. Indeed, these antifields a * µ and χ * α appear in components of the ghost-number +2 superfield A * µ 1 µ 2 µ 3 µ 4 µ 5 of (2.50). Using QΨ = 0 and δΨ = QΩ, A *
can be gauged to the form
where χ * α and a * s satisfy the equations of motion and residual gauge invariances of (2.51), and ...
involves terms higher order in θ α which depend on derivatives of χ * α and a * s .
In addition to these fields and antifields, one also expects to find the Yang-Mills ghost c(X) and antighost c * (X) in the cohomology of Q. The ghost c(x) is found in the θ = 0 component of the ghost-number zero superfield, C(X, θ) = c(X)+..., and the antighost c * (x) is found in the (θ) 5 component of the ghost-number +3 superfield, C *
.... It was proven in [14] that the above states are the only states in the cohomology of Q and therefore, although Ψ of (2.50) contains superfields of arbitrarily high ghost number, only superfields with ghost-number between zero and three contain states in the cohomology of Q.
The linearized equations of motion and gauge invariances QΨ = 0 and δΨ = QΩ are easily generalized to the non-linear equations of motion and gauge invariances
where Ψ and Ω transform in the adjoint representation of the gauge group. For the superfield A α (X, θ), (2.53) implies the super-Yang-Mills equations of motion and gauge transformations. Furthermore, the equation of motion and gauge transformation of (2.53) can be obtained from the spacetime action 
(2.57)
Pure Spinor Superstring
In this section we give an introduction to superstring theory using the pure spinor formalism. Our main objective is to compute, explicitly, the scattering amplitude of gravitons for three point at tree-level. This section is based from the references [2, 13, 17, 12] .
General Issues
From the superparticle pure spinor action found in (2.30), one may integrate out the P µ field, so the pure spinor superparticle action becomes
and the BRST charge stays the same.
The most natural and simplest generalization from superparticle to superstring is just to consider a surface instead of worldline curve, i.e.
(τ ) → (z,z),
and the pure spinor superstring action becomes
where we have denoted d 2 z = dz dz, ∂ = ∂ z , ∂ = ∂z and we introduced the global factor , which is the string tension. Furthermore, λ α andλ α are pure spinors, (λγ µ λ) = (λγ µλ ) = 0.
Clearly, the complex coordinates parameterize the surface or worldsheet, which is always possible locally. We have also introduced more fields (the hat fields), in order to obtain a real action. Nevertheless, the fermion spinors, (p a , θ α ) and (p a ,θ α ), and the bosonic ones, (λ a , ω α ) and (λ a ,ω α ), may have different chirality, which will define the type of the string. In addition, since the fields are on a surface, they can have different boundary conditions. The boundary conditions depend on whether the surface is open or closed.
For the open string, the boundary conditions are given by
It is useful to remember that the equations of motion of the pure spinor superstring action are
Therefore, the holomorphic fields, {θ α , p α , λ α , ω α }, are known as the left sector and the antiholomorphic fields, {θ α ,p α ,λ α ,ω α }, are the right sector.
The boundary conditions of the closed string are just given by the periodicity, for example,
In the closed string, when the fields, {θ α , p α , λ α , ω α } and {θ α ,p α ,λ α ,ω α }, have the same chirality, it is called string type IIB. When the fields, {θ α , p α , λ α , ω α } and {θ α ,p α ,λ α ,ω α }, have the opposite chirality, then this string is called string type IIA.
The BRST charge looks very similar to the one found in the superparticle
We have now two BRST charges, holomorphic and antiholomorphic, which are independent in the closed string. The d α (d α ) constraint is a little different than the one obtained in superparticle, which is written as 8) and its algebra is,
(θγ µ ∂θ) is known as the supersymmetric momentum 15 . This constraint arises naturally from the Green-Schwarz action for superstring, but we will not consider it here 16 .
Some Symmetries
It is very useful to remember that in the superparticle case we had gauged the reparametrization invariance by fixing e = −1/2. On the worldline the e-field is interpreted as its metric. Therefore, on the string side the generalization of the e-field is the two dimensional metric, g ab , a, b = 1, 2, but the reparameterization-invariant superstring pure spinor action it is not very well understood. In addition, the action in (3.3) has the remnant symmetry which is known as conformal symmetry (holomorphic transformations)
Since the fields, (X µ , θ α , λ α ), are scalars on the worldsheet and (p α , ω α ) are (1, 0) differential forms then the current conserved is
that is known as the holomorphic stress tensor. Its anti-holomorphic counterpart is just given by the fields with hat.
The pure spinor superstring action has also the global symmetries space − time supersymmetry ghost − number
. 16 In the rest of the document we only work with the left sector.
These symmetries give us the charges
The Poincare invariance, which can be written as
14) 16) where Λ µν = −Λ νµ , it is generated by the currents
Finally, the pure spinor action in (3.3) has an extra local symmetry as a consequence of the pure spinor constraint, (λγ µ λ) = 0, which is given by
The pure spinor constraint implies that the number of degrees of freedom of λ α is just 11 (see appendix A), in addition, using the local symmetry in (3.20) one can fix 5 of the 16 components of ω α . Hence the number of degrees of freedom of λ α and ω β is the same, 11.
OPE's and Anomaly
In two dimensional theories, particularly in conformal theories, one often has to compute the OPE's among different physical operators. The OPE's give us many information about the theory, such as the topology of the target space, anomalies, symmetries and amplitudes. For this section one can review [2, 4, 21, 7] .
Roughly speaking, the OPE's are defined just as the correlation function between operators. In addition, as it is well known from quantum field theory, a correlation function is just a Green function of some operator. For example, from the pure spinor action, it is simple to see that the correlation function among X µ with itself is just the Green function of Laplace the operator ∂∂, namely (on the sphere)
where "reg" meas regular terms in (z − y). In the similar way, OPE'e among the others fields are
z − y + correction from the pure spinor condition z − y + reg, (3.23) where the correction from the pure spinor condition is a little complicated and for more details see [2] .
Using the previous fundamental OPE's and applying the Wick theorem, we can compute the OPE's among the differents currents. For instance, let us consider the followings two OPE's
The first one means that the pure spinor formalism is free of conformal anomaly. In general, the OPE among the stress tensor with itself is given by
The first term is the anomalous term and the "c" constant is known as the central charge. Theories with non-zero central charge have a conformal anomaly, i.e. at quantum level the conformal symmetry in these theories is broken. Furthermore, since the stress tensor is the generator of the conformal transformation then the quadratic pole of the OPE with T (z) gives the conformal weight, namely how the field transforms under a conformal transformation. Clearly, T (z) = T zz (z) has corformal weight 2, to wit
From the second OPE in (3.25), one can see that the ghost current has conformal weight 1, as it was expected since that λ α is a world-sheet scalar and ω α is an holomorphic form, in addition this current has an anomaly given by the number 8 in the cubic pole. As J(z) just depends on the pure spinor and its conjugate momentum then this anomaly gives us topological properties of the pure spinor space. Since the pure spinor action is invariant under the ghost number transformation (see (3.11) ), this implies that the anomaly is present in the integration measure of the path integral, i.e.
[Dλ]
[Dω] → ghost number 8. (3.27)
The ω field, which is a differential form of weight (1, 0) over the world-sheet, can be expanded as a linear combination of the eigenfunctions of the operator ∂, namely
Let us recall that on the sphere the only global holomorphic forms are constant functions, so there is no eigenfunction of conformal weight (1, 0) with eigenvalue zero, i.e. γ i = 0. The eigenfunctions with eigenvalue zero are called the zero modes, so the ω α field does not have zero modes on the sphere and the measure [Dω] reads
where [dω i β ] is the ω β measure over the phase space (λ α , ω β ). Now, as the λ α is a scalar field of conformal weight (0, 0) over the world-sheet, then it can be expanded as a linear combination of the eigenfunctions of the operator ∂, i.e.
Since the constant functions h 0 are zero modes of conformal weight (0, 0), the measure [Dλ] becomes
where [dλ α i ] is the holomorphic measure of the pure spinor space. Therefore the total measure can be written as
Since λ α has ghost number 1 and ω β has ghost number −1, then the measure i=1 [dλ In order to compute scattering amplitudes, we must build a top holomorphic form, [dλ α 0 ], to wit an 11−form, with ghost number 8. This top holomorphic form can be written in the following covariant way
where α 1 ...α 5 β 1 ...β 11 is the 16-dimensional totally antisymmetric tensor (Levi-Civita symbol) and we have removed the zero modes subindex "0". Using the pure spinor constraint and the γ−matrices algebra, it is not hard to check that, in fact, the term (λγ
antisymmetric in the spinorial labels. Clearly, the left and right side of the equality in (3.34) have ghost number 11 and the term on the left hand is the same one which appears in (2.55).
Massless states
In order to give a prescription to compute scattering amplitudes in the pure spinor formalism, it is needed to introduce the vertex operators, namely to find the BRST Cohomology. This section is going to be brief due to the long computations to check the results, for more details see reviews [2, 13, 15, 17] The physical states in the pure spinor formalism are defined as ghost-number one states in the BRST cohomology of Q = dz(λ α d α ). In addition, since we are just interested in massless states then they must have conformal weight zero by the relation (mass)
, where n is the conformal weight and k µ is the momentum vector. So, the most general massless operator at ghost number zero is
which is known as the unintegrated vertex operator. From the BRST cohomology condition, Q V = 0, one obtains the constraint
which is the equation of motion for the spinor potential of super-Yang-Mills. Furthermore, the gauge transformation
reproduces the usual super-Yang-Mills gauge transformation δA α = D α Ω(X, θ), where Ω(X, θ) is a generic scalar superfield. So, the ghost number 1 cohomology of Q for the massless sector reproduces the desired super-Yang-Mills spectrum.
It is possible to show there is a gauge such that
where a µ (X) = e µ e ik·X and ξ α (X) = χ α e ik·X are the gluon and gluino fields of the SYM theory and e µ and χ α are the polarization vectors and "[µ, ν]" is the antisymmetrization of the indices.
The unintegrated vertex operators are needed to fix the global symmetry over the Riemann surface. For example on the sphere (tree-level amplitude) the global symmetry group is P SL(2, C), which has three generators. So, in order to fix this global symmetry, one must use three unintegrated vertex operators in the scattering amplitudes prescription, which can be fixed at any point. The others vertex operators in the scattering amplitudes prescription are integrated vertex operators. The integrated vertex operators, which we will call as U (z), associate with the unintegrated vertex operator V is defined to satisfy
Note that , Q( U (z)) = 0. From this definition one can check that the integrated vertex operator associated to
where the superfields, {B µ (X, θ), W α (X, θ), F µν (X, θ)}, satisfy the constraints
which imply the super-Maxwell equations of motion.
For the closed string the vertex operators are just the tensorial product of operators from the left and right sector, to wit
43)
where the graviton, g µν , is identified with e µ ⊗ê ν and the gravitino, ψ α µ (ψ α µ ), with e µ ⊗χ α (χ α ⊗ê µ ).
Tree-Level Scattering Amplitudes
For more details of this section one can review [2, 4, 6] In this section we give an example how to compute scattering amplitudes at tree-level using the pure spinor formalism, in particular for the closed string, i.e. on a sphere.
In general, the scattering amplitude prescription on a sphere is given by the expression
where the power two is due to left and right sector. The three unintegrated vertex operators fix the P SL(2, C) global symmetry and the points {z 1 , z 2 , z 3 } are arbitrary on the sphere, which often are chosen to be z 1 = 1, z 2 = 0, z 3 = ∞. The triangular bracket, · · · , means integration by all fields, i.e Since λ α and ω α are complex variables then the integration by these variables must be a contour integral. The contour can be fixed introducing the Cauchy kernel (delta Dirac function), which are known as the picture changing operators. Nevertheless, in 2005 Berkovits and Nekrasov introduced a new set of fields, the complex conjugate of (λ α , ω α ), i.e. (λ α ,ω α ), in order to integrate over the whole pure spinor space. In addition, so as to keep the central charge, c = 0 (see (3.26)), two more fermionic fields must be introduced, (r α , s α ), where r α is constrained to satisfy 18 , (λγ µ r) = 0, µ = 0, ..., 9. The BRST charge is also modified
but the cohomology of Q andQ are the same.
In this new version, the ghost anomaly is −3, i.e.
[ where the ghost current is given by J(z) = (ω α λ α ) − (ω αλ α ). But, the total integral given in (3.45) 18 Note that the r α field can be interpreted as an antiholomorphic form over the pure spinor space, to wit r α ≡ dλ α . 19 Clearly the operator (r αω α ) can be identify with the Dolbeault operator dλ α ∂ ∂λα . So,Q is an equivariant operator.
has ghost number zero, to wit 
where C is a constant. In general this constant is normalized to be C = 1, so as in (2.55).
Three Gravitons at Tree-Level
In this example we compute a scattering amplitude at tree-level for three gravitons. This is the simplest case since the integrated vertex operators are not needed 20 .
The amplitude is given by
where ... includes terms quartic and higher-order in θ and we have just considered the bosonic contribution, i.e. the polarization vector e j µ , where j is the label of the corresponding particle. From the integration given in (3.50), the only non-zero contributions are those in which there are five θ s. So, following the expansion in (3.52), there are just three possibilities to distribute the θ field, (1, 1, 3), (1, 3, 1), (3, 1, 1 ).
The first contribution is given by
The integration by the X µ field is simple and the answer is
where z ij := z i −z j . From the on-shell condition, k 2 j = 0, and the momentum conservation constraint, k
Note that we have not introduced the functional determinant, det(∂∂), in (3.54), the reason is because it will be canceled out by the other functional determinants.
Up to an overall factor, it is not hard to check This appendix is based on the lectures on beta-gamma system given in [21] .
The SO(2d) pure spinor λ α is constrained to satisfy [3] 
The real dimension of this space is d(d − 1). The space PS 2d of pure spinors is a cone over PPS 2d . The space X 2d , which is PS 2d with the point λ = 0 deleted, can be thought of the moduli space of Calabi-Yau complex structures on R 2d , i.e. the space of pairs
This is an important space in the context of B type topological strings.
A.1 Pure Spinor Parameterization
In order to solve the 10-dimensional pure spinor constraints it is useful to write them in terms of the U (5) variables.
A vector in 10-dimensions,Ṽ µ , can be written as a direct sum of two 5-dimensional vectors i.e. we have broken the 10-dimensional vector representation of SO (10) Choosing the chart where λ + = 0 and using the parameterization λ + = γ, λ ab = γ u ab , the solution of the equations in (A.10) is straightforward 12) and the equations in (A.11) becomes trivial.
As a final remark, because the pure spinor has ghost number 1, then obviously γ has ghost number 1 and u ab has ghost number 0. Therefore, we can write an holomorphic top form over the pure spinor space with ghost number 8 as [dλ α ] = γ 7 dγ ∧ du 12 ∧ du 13 ∧ · · · ∧ du 45 , (A. 13) which matches with the one written in (3.34).
